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Abstract
A novel recipe for exactly solving in finite terms a class of special differential Riccati equations
is reported. Our procedure is entirely based on a successful resolution strategy quite recently
applied to quantum dynamical time-dependent SU(2) problems. The general integral of exem-
plary differential Riccati equations, not previously considered in the specialized literature, is
explicitly determined to illustrate both mathematical usefulness and easiness of applicability of
our proposed treatment. The possibility of exploiting the general integral of a given differential
Riccati equation to solve an SU(2) quantum dynamical problem, is succinctly pointed out.
Keywords: Riccati equation, solvable model, time-dependent Hamiltonian, unitary evolution
1. Introduction
Theoretically investigating the properties of systems in different contexts [1, 2, 3], such
as for example classical and quantum physics [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16],
mathematics [17, 18, 19, 20, 21, 22, 23, 24, 25], biology [26, 27], one is led to the consideration
of the following non-linear non-autonomous first order differential equation
y′(x) = A(x)y2(x) +B(x)y(x) + C(x). (1)
Here y and x are the dependent and independent variables, respectively, and y′(x) denotes the
first derivative of y with respect to x. The intrinsic nature of the variables x and y depends
of course on the problem under scrutiny. Such an equation is known as the scalar Differential
Riccati Equation (DRE) and the three coefficient functions are supposed to be continuous in
some interval I ∈ R [28, 29, 30]. To emphasize how wide is the range of different situations
where such an equation emerges, it has been suggested that the DRE, as given by Eq. (1), should
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be included in the list of the named equations of mathematical physics ([31] and references
therein).
One should not be too surprised by such a central role played by the DRE. Indeed, in
1769 ([28] and references therein), Euler demonstrated that every given DRE may be always
transformed into a second-order linear, generally non-autonomous, differential equation and
vice versa. Thus, since such differential equations represent very often the starting point for
theoretically investigating both classical and quantum systems [32, 33], in accordance with
first principles [34, 35, 36, 37, 38] or as a result of an approximation path [31, 39, 40, 41], it
becomes easy to understand the systematic emergence of an associated DRE in the problems
under scrutiny.
The circumstance that no method is available to construct a particular integral of a DRE
and the fact that, as well, no general protocol exists leading to the unique explicit solution
of a Cauchy problem relative to a linear second order non-autonomous differential equation
(2nd-LDE), may be seen as two different faces of the same mathematical difficulty. Then, the
intimate link existing between the two classes of mathematical problems assures the possibility
of writing down the general integrals of both the linear and the related non-linear differential
equations as soon as one is able to exactly solve one of them. Such an expectation has spurred
the research reported in the present paper, where the knowledge of the exact quantum dynamics
of some SU(2) problems is exploited to bring to light a new class of exactly solvable DRE. Here
“new”means that, to the best of the present authors’ knowledge, DREs possessing the particular
relationship between the three coefficients, we are going to evidence in the next sections, do
not appear in the most commonly used handbooks [29, 30] and apparently are not present in
more recent literature as well.
Our starting point is the quantum dynamics of a semiclassical generalized Rabi system,
here defined as a spin 1/2 subjected to an arbitrary time-dependent magnetic field. To find the
evolution operator U related to an SU(2)-symmetry dynamics is equivalent to solve a Cauchy
problem for a homogeneous system of two coupled first-order differential equations in the
two time-dependent complex unknown entries of U , which, in addition, must satisfy the usual
unitarity condition. This mixed system may always be converted into a new Cauchy problem
related to a second-order linear non-autonomous differential equation which, in turn, may be
transformed into a Cauchy-Riccati problem.
Generally speaking, no procedure is known to find, in finite terms, the time-dependence
of U when no special prescription is postulated on the time-dependence of the magnetic field.
Quite recently, however, novel resolution strategies for exactly solving the quantum dynamics
of the SU(2) problem under scrutiny has been reported [42, 43, 44, 45]. The approach in Ref.
[42], in particular, succeeds in singling out classes of exactly solvable time-dependent SU(2)
Hamiltonian models, providing at the same time the successful protocol leading to the explicit
construction of the relative evolution operators U .
In this paper we show how to turn the knowledge of the solution of such a physical problem
into a recipe to solve a mathematical problem of general interest. Our procedure consists of two
steps. First, we introduce a simple transformation by which the Cauchy problem for the deter-
mination of the two entries of U is turned into a Cauchy-Riccati problem. In this way we arrive
at a special class E of DREs whose coefficients are directly linked to the three time-dependent
components of the magnetic field acting upon the spin. At this point the knowledge of a partic-
ular solution of the quantum dynamics of the spin 1/2 enables us to write down, systematically
and in a simple way, the explicit solution of the associated Riccati-Cauchy problem. Such a
solution, being a particular solution of the DRE under scrutiny, allows in turn the construction
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[1, 31] of the general integral of the DRE. To bring to light new approaches leading to classes
of special DREs, for which an exact solution can be found, may be considered a noticeable
mathematical result per se.
The paper is organized as follows. The approach of Ref. [42] to deduce the class of solv-
able SU(2) Hamiltonian problems is briefly reviewed in Sec. 2. New special DRE and their
general integrals are then derived in Sec. 3 on the basis of Ref. [42]. Illustrative examples and
conclusive remarks are finally given in Secs. 4 and 5, respectively.
2. A Short Review of the Approach in Ref. [42]
Our physical system is a generalized Rabi systemwhose HamiltonianH , assumed generally
time-dependent, may be given as
H(t) =
(
Ω(t) ω(t)
ω(t)∗ −Ω(t)
)
, (2)
The unitary evolution operator U(t) generated by the Hamiltonian is an element of the SU(2)-
group
SU(2) =
{
U(t) =
(
a(t) b(t)
−b∗(t) a∗(t)
)
, |a(t)|2 + |b(t)|2 = 1, a(t), b(t) ∈ C
}
(3)
and satisfies the following Schro¨dinger-Liouville-Cauchy problem
iU˙ = HU, U(0) = I. (4)
Equation (4) immediately leads to the following Cauchy problem for the two entries a(t) and
b(t) of U(t) (the time-dependence is omitted for easier reading):

a˙ = −iΩa + iωb∗,
b˙ = −iωa∗ − iΩb,
a(0) = 1, b(0) = 0.
(5)
In accordance with the traditional procedure of resolution of a linear system of differen-
tial equations of the first order, one seeks the second-order linear non-autonomous differential
equation in a(t) or b(t). Unfortunately, the resulting equation even if linear, cannot be solved
unless some special links among its variable coefficients are given. The approach reported in
[42], successfully reaches the objective of providing a useful strategy for “constructing” solv-
able SU(2) problems, togehther their exact solutions. The method consists in introducing an
auxiliary function X(t) enabling the explicit analytical representation of both a(t) and b(t) at
the cost of precisely defining the specific Hamiltonian of the exactly solvable SU(2) problem
within the same resolution protocol. In other words one may claim that X(t) generates too
the peculiar link between the time dependent components of the applied magnetic field from
the consistent construction of part of the solution. It is worthy to emphasize that, generally
speaking, if such a link were given at will, there would be no certainty of being able to exactly
solve the corresponding dynamical problem, for example starting from equations (5). Thus, the
merit of the approach under scrutiny is just that of furnishing a self-consistent recipe to single
out solvable SU(2) problems and to solve them.
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We are here going to summarize final mathematical conclusions reported in Ref. [42] to
which the reader should refer for any mathematical detail concerning this procedure. With
reference to the problem under scrutiny, the entries a(t) and b(t) of the unitary operator U(t)
solution of (4) may be cast as follows
a(t) =
1√
1 + |X|2 e
−i ∫ t0 Ω(t′)dt′−i ∫ t0 Im[X˙X∗]1+|X|2 dt′ , (6)
b(t) = −ia(t)X(t), (7)
whereX(t) is an arbitrary complex function of t, with the initial conditionX(0) = 0, prescrib-
ing the link between Ω(t) and ω(t) through the equation
ω(t) = a2(t)X˙(t) (8)
in order to make the corresponding generalized Rabi problem exactly solvable. In other words,
once fixed the time dependence of the longitudinal component Ω(t) of the magnetic field of
experimental interest in H as well as X(t) at will, equations (5) immediately provide the time
evolution of a generalized Rabi system wherein the transversal components ωx(t) = Re[ω(t)],
ωy(t) = −Im[ω(t)] of the applied magnetic field must be engineered in accordance with (8).
In the next section we are going to show how this ”knowhow” may be exploited to solve a
special class of Riccati equations.
3. Towards the new Riccati Equation
We start from the coupled equations (5) defining the Cauchy problem whose resolution
provides the exact quantum dynamics of any two-state physical scenario describable by the
Hamiltonian given by equation (2). Let us introduce a new complex-valued function u(t) re-
lated to a(t) and b(t) as follows
u(t)a∗(t) = b(t), (9)
which implies u(0) = 0. We wish to prove that if the pair of functions a(t) and b(t) solve the
Cauchy problem (5) then the correspondent function u(t) satisfies a Riccati equation whose
coefficients are expressible in terms of Ω(t) and ω(t). It is easy to check that u(t) satisfies the
following differential equation
u˙(t) = iω∗(t)u(t)2 − 2iΩ(t)u(t)− iω(t), (10)
and the initial condition u(0) = 0. This equation, hereafter referred to as “associated to the
generalized Rabi problem” under scrutiny, is a DRE having the general form
y˙(t) = f(t)y2(t) + g(t)y(t) + f ∗(t) (11)
with f(t) and g(t), in general, complex-valued functions. To the best of the present authors’
knowledge, no tool is known in literature to determine a particular solution of equation (11)
and then its general integral whatever f and g are. Therefore, such an equation introduces a
special class of DREs, which we call ‘new’ in the sense that it is not included in the list of
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solved Riccati equations given in [30, 29].
First of all, it is important to point out that if we consider a physical scenario (assigned
Ω and ω) for which the solution of the related Cauchy problem (5) is known, then we may
write easily the solution of the associated DRE through Eq. (9). For example, in [46] the
authors show explicitly the solution of the problem considering the following two scenarios
with constant |ω| (ω(t) = |ω|eiφω(t))
Ω(t) =
2|ω|
cosh(2|ω|t) −
φ˙ω(t)
2
, (12a)
Ω(t) =
|ω|
2
[
3
cosh(|ω|t) − cosh(|ω|t)
]
− φ˙ω(t)
2
. (12b)
The related solutions satisfying the Cauchy problem (5) read respectively (a = |a|eiφa , b =
|b|eiφb)
|a(t)| =
√
cosh(2|ω|t) + 1
2 cosh(2|ω|t) , φa(t) =
φω(t)
2
− tan−1
[
tanh
(
|ω|t
)]
− |ω|t, (13a)
|b(t)| =
√
cosh(2|ω|t)− 1
2 cosh(2|ω|t) , φb(t) = φa(t) + 2|ω|t−
pi
2
, (13b)
and
|a(t)| = 1
cosh(|ω|t) , φa(t) =
φω(t)
2
− tan−1
[
tanh
( |ω|t
2
)]
− sinh(|ω|t)
2
, (14a)
|b(t)| = tanh(|ω|t), φb(t) = φa(t) + sinh(|ω|t)− pi
2
. (14b)
In these cases, it can be verified that the associated DREs and their particular [u(0) = 0]
integrals turn out to be respectively
u˙ = i
[
ω∗u2 +
(
φ˙ω(t)− 4|ω|
cosh(2|ω|t)
)
u− ω
]
, (15a)
u(t) = tanh(|ω|t) exp
{
i
[
φω(t)− 2 tan−1[tanh(|ω|t)]− pi/2
]}
, (15b)
and
u˙ = i
{
ω∗u2 +
[
φ˙ω(t)− |ω|
( 3
cosh(|ω|t) − cosh(|ω|t)
)]
u− ω
}
, (16a)
u(t) = sinh(|ω|t) exp
{
i
[
φω(t)− 2 tan−1[tanh(|ω|t/2)]− pi/2
]}
. (16b)
We stress that in Eqs. (15b) and (16b) |ω| and φω(t) may be assigned at will. We may
better exploit the method reported in Ref. [42] also to “construct” new DREs and at the same
time their integrals. Suppose, indeed, that the solution of a Cauchy problem expressed by the
equations (5) has been found, in particular with the help of a smart auxiliary complex-valued
function X(t) in accordance with the recipe described in the previous section. Then, in view
of equations (6) and (7), we explicitly know both the expressions of a(t) and b(t) which, in
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turn, immediately implies that we know the particular solution u¯(t) [u¯(0) = 0] of the DRE
associated to the corresponding general Rabi problem. Such a solution may be written down as
follows
u¯(t) = −iX(t)e−2i
(∫ t
0 Ω(t
′)dt′+
∫ t
0
Im[X˙X∗]
1+|X|2
dt′
)
, (17)
where X(t) is the arbitrary function of t introduced in Ref. [42]. The knowledge of u¯(t) is
enough to write down the general integral of equation (10) as follows [1]
u(t) = u¯(t) + Φ(t)
(
C − i
∫ t
0
ω∗(t′)Φ(t′)dt′
)−1
, (18a)
Φ(t) = exp
{
2i
∫ t
0
[ω∗(t′)u¯(t′)− Ω(t′)] dt′
}
, (18b)
where [42]
ω(t) = a2(t)X˙(t) =
X˙(t)
1 + |X(t)|2 e
−2i ∫ t
0
Ω(t′)dt′−2i ∫ t
0
Im[X˙X∗]
1+|X|2
dt′
. (19)
Summing up: if the quantum dynamics of the generalized Rabi system, defined by Ω(t)
and ω(t), is exactly solvable by means of the X(t)-based recipe, then a particular integral of
the associated DRE may be cast in the form given in equation (17). We point out that in u¯(t)
X(t) plays the role of a “free parameter function” since it may be assigned at will. In addition
X(t) may be considered as a “generator” of the “resolutive” ω(t), which means that from the
knowledge of Ω(t) and the choice of X(t), the strategy given in [42] provides the specific
ω(t) generating an exactly solvable Rabi problem (5) and consequently a solvable associated
DRE (10). We however emphasize that our procedure is truly successful when we are able to
find the explicit form of ω(t), that is when we are able to evaluate the explicit expression of
φω(t). Otherwise, this procedure cannot be effectively finalized, meaning that we do not have
at our disposal the Riccati equation to be solved. Due to the wide variability ofX(t) leading to
exactly solvable Rabi problems, we may claim that we are in condition to solve as well a wide
class of DREs of the new type, that is, having the general structure given by (11).
Putting the question in general terms, if we make the correspondence f(t) ↔ −iω(t),
g(t) ↔ −2iΩ(t) between the coefficients of the associated Riccati equation and those appear-
ing in the general equation (11) we may convert u¯(t) into the particular solution y¯(t) of (11),
namely
y¯(t) = −iX(t)e
∫ t
0
g(t′)dt′−2i ∫ t
0
Im[X˙X∗]
1+|X|2
dt′
, (20)
which satisfies the condition y(0) = 0 since X(0) = 0.
This means that, once again with the help of Ref. [42], we are able to “construct” the
function f(t) ↔ −iω(t), by Eqs. (6) and (7), in terms of the ‘free’ function g(t) ↔ −2iΩ(t)
and the arbitrary function X(t), such that the new type of the Riccati equation may be exactly
solved. The particular solution, in this manner, may be written as prescribed by Eq. (20).
In the following section we illustrate our procedure giving explicit examples of resolution
of Riccati equations not appearing in the available specialized literature.
6
4. Examples
In this section we illustrate how, exploiting the general procedure developed in the previous
section and considering specific forms for the function X(t), we succeed in recovering new
DREs as well as, at the same time, their exact solution.
4.1. Example 1
Let us consider a complex function X(t) parametrized by a real function φ(t) and a real
constant parameter c as
X(t) = c sin[φ(t)]eiφ(t), c ∈ R, φ(0) = 0. (21)
Following Ref. [42] we choose the complex transverse magnetic field ω = |ω|eiφω acting on
the two-level system in the form (some time-dependences are left out for easier readings)
ω(t) =
cφ˙
1 + c2 sin2 φ
e
−2i ∫ t
0
Ωdt′+2i
∫ t
0
φ˙
1+c2 sin2 φ
dt′
. (22)
getting, in addition the following relation between the complex ω and Ω
|ω(t)|
c
= Ω(t) +
φ˙ω
2
. (23)
To construct explicit expressions of a(t) and b(t) getting rid of the parameter function X(t) in
Eqs. (6) and (7), following Ref. [42], the arbitrary parameter function φ(t) is written in terms
of |ω(t)| as follows
tanφ =
1√
1 + c2
tanΦ(t), Φ(t) =
√
1 + c2
c
∫ t
0
|ω(t′)|dt′. (24)
This immediately leads to expressions of a(t) and b(t) only in terms of the Hamiltonian param-
eters ω(t) and Ω(t) as follows
a(t) =
√
1 + c2 cos2Φ
1 + c2
e
−i ∫ t
0
Ω(t′)dt′+ i
c
∫ t
0
|ω(t′)|dt′−i tan−1
(
1√
1+c2
tanΦ
)
, (25a)
b(t) = −i c sinΦ√
1 + c2
e−i
∫ t
0
Ω(t′)dt′+ i
c
∫ t
0
|ω(t′)|dt′ . (25b)
Hence, using (9), we may easily recover the particular solution u¯(t) of Eq. (10) satisfying the
initial condition u¯(0) = 0, namely
u¯(t) =
−ic sin Φ√
1 + c2 cos2Φ
e−2i
∫ t
0 Ω(t
′)dt′+ 2i
c
∫ t
0 |ω(t′)|dt′e
−i tan−1
(
1√
1+c2
tanΦ
)
. (26)
In more general terms, we claim that the Riccati equation
y˙(t) = f ∗(t)y(t)2 + g(t)y(t) + f(t), (27)
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has the following particular solution [y(0) = 0]
y(t) =
−ic sin
(√
1+c2
c
∫ t
0
|f(t′)|dt′
)
√
1 + c2 cos2
(√
1+c2
c
∫ t
0
|f(t′)|dt′
)e−iφf (t)−i tan−1
[
1√
1+c2
tan
(√
1+c2
c
∫ t
0 |f(t′)|dt′
)]
,(28)
if the following link between f ≡ |f |eiφf and g is postulated
|f(t)|
c
=
ig(t)
2
+
φ˙f(t)
2
, φf(0) = 0. (29)
This equation gives the key to identify a class of exactly solvable DREs. Indeed, the general
relation (23) between the Hamiltonian parameters and then between the DRE coefficients in
(29) is a sufficient condition ensuring that the associated DRE (27) can be solved analytically,
its explicit exact particular solution being expressed by Eq. (28).
4.2. Example 2
In this subsection we consider the most general form for the functionX(t), that is, a general
complex-valued function, namely
X(t) = A(t)eiφ(t), (30)
with A(t) and φ(t) real-valued functions, of course. The sufficient condition between the pa-
rameters Ω(t) and ω(t) in (2), so that the related Cauchy problem (4) is analytically exactly
solvable, reads [42] (from now on the time-dependence of the variables in the formulas is left
out)
Ω =
1
2
(Θ˙− φ˙ω) + |ω| sinΘ cot
[
2
∫ t
0
|ω| cosΘdt′
]
, (31)
with tanΘ = A
A˙
φ˙ and Θ(0) = 0. In this case the solutions for the two parameters a and b
satisfying the system (5) may be cast as follows
|a| = cos
[∫ t
0
|ω| cosΘdt′
]
, φa =
φω
2
− Θ
2
−R, (32a)
|b| = sin
[∫ t
0
|ω| cosΘdt′
]
, φb =
φω
2
− Θ
2
+R− pi
2
, (32b)
where we put
R = 2
∫ t
0
|ω| sinΘ
sin
[
2
∫ t′
0
|ω| cosΘdt′′]dt′. (33)
In this manner we may write the solution of the DRE (10) with Ω(t) and ω(t) linked by Eq.
(31) as (see Eq. (9))
u(t) =
b
a∗
=
|b|
|a|e
i(φb+φa) = tan
[∫ t
0
|ω| cosΘdt′
]
exp
{
i
[
φω(t)−Θ− pi
2
]}
. (34)
We note that in this case the solution depends explicitly on the arbitrary functionΘ(t), meaning
that choosing at our will both the parameter ω(t) and the function Θ(t), and moreover “con-
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structing” the other parameter Ω(t) as prescribed in Eq. (31), Eq. (34) gives us the solution of
the associated DRE in Eq. (10). To make clear this procedure and to show the applicability and
the usefulness of this method, three exemplary cases are reported in the following subsections.
4.2.1. Specific Examples
If we choose (given a particular ω(t))
Θ =
∫ t
0
|ω|dt′ (35)
we get
Ω =
1
2
(|ω| − φ˙ω) + |ω| sin
(∫ t
0
|ω|dt′
)
cot
[
2 sin
(∫ t
0
|ω|dt′
)]
, (36a)
|a| =
∣∣∣∣cos[sin(
∫ t
0
|ω|dt′
)]∣∣∣∣, |b| =
∣∣∣∣sin[sin(
∫ t
0
|ω|dt′
)]∣∣∣∣, (36b)
φa + φb = φω −
∫ t
0
|ω|dt′ − pi/2 (36c)
and it is possible to verify that the solution of the corresponding DRE (10) is
u¯(t) = tan
[
sin
(∫ t
0
|ω|dt′
)]
exp
{
i
(
φω −
∫ t
0
|ω|dt′ − pi/2
)}
(37)
according to Eq. (34).
If we now consider a transversal field with a constant magnitude |ω(t)| = |ω(0)| ≡ |ω| and
choose
Θ = 2 tan−1
(
2|ω|t√
2 + 4(|ω|t)2
)
, (38)
we get
Ω = 4|ω| 1 + (|ω|t)
2
[1 + 4(|ω|t)2]√2 + 4(|ω|t)2 − φ˙ω(t)2 , (39a)
|a| =
√√
1 + 4(|ω|t)2 + 1
2
√
1 + 4(|ω|t)2 , |b| =
√√
1 + 4(|ω|t)2 − 1
2
√
1 + 4(|ω|t)2 , (39b)
φa + φb = φ˙ω − 2 tan−1
(
2|ω|t√
2 + 4(|ω|t)2
)
− pi
2
. (39c)
In this manner we have the following DRE
u˙ = i
[
ω∗u2 +
(
φ˙ω − 8|ω| 1 + (|ω|t)
2
[1 + 4(|ω|t)2]
√
2 + 4(|ω|t)2
)
u− ω
]
(40)
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and it is possible to verify that its particular solution [u(0) = 0] reads
u¯(t) =
√√
1 + 4(|ω|t)2 − 1√
1 + 4(|ω|t)2 + 1 exp
{
i
[
φω(t)− 2 tan−1
(
2|ω|t√
2 + 4(|ω|t)2
)
− pi/2
]}
, (41)
according to Eq. (34).
It is interesting to note that if we put
Θ = 2 tan−1
(
|ω|t√
2 + (|ω|t)2
)
, (42)
we get
Ω = |ω|
[
2 + [1− (|ω|t)2][2 + (|ω|t)2]
2[1 + (|ω|t)2]√2 + (|ω|t)2
]
− φ˙ω(t)
2
, (43a)
|a| = 1√
1 + (|ω|t)2 , |b| =
|ω|t√
1 + (|ω|t)2 = |a(t)||ω|t, (43b)
φa + φb = φ˙ω − 2 tan−1
(
|ω|t√
2 + (|ω|t)2
)
− pi
2
. (43c)
In this case the associated DRE reads
u˙ = i
{
ω∗u2 +
[
φ˙ω(t)− 2|ω|
(
2 + [1− (|ω|t)2][2 + (|ω|t)2]
2[1 + (|ω|t)2]√2 + (|ω|t)2
)]
u− ω
}
(44)
whose solution results
u¯(t) = |ω|t exp
{
i
[
φω(t)− 2 tan−1
(
|ω|t√
2 + (|ω|t)2
)
− pi/2
]}
. (45)
We note how a slight change in the arbitrary choice of the function Θ leads to a very different
associated DRE.
5. Conclusive Remarks
In the interplay between physics and mathematics, the latter, more often, provides system-
atic or tricky tools to solve basic or derived equations of crucial interest in making predictions
concerning the behaviour of a specific physical problem. Under this point of view the DRE
occupies a special place due to its unifying character [4], as shown by Euler ([28] and refer-
ences therein). To appreciate this peculiar property it is enough, for example, to mention that
the unidimensional Schro¨dinger equation of a single particle may be always traced back to a
special DRE [34] or to consider the role that such a nonlinear differential equation plays when
the concept of supersymmetry is applied to quantum mechanics [41, 47].
In this paper we provide a remarkable example of how a resolutive strategy envisioned for
a class of physical problems may be smartly exploited and adapted for constructing the general
integral of a special class of DRE, for the first time. This kind of application to the best of
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the present authors’ knowledge is original and leads to a protocol to generate exactly solvable
DREs whose coefficients are related through a parametric function X(t) or Θ(t) which may
be prescribed at will. We illustrate its applicability considering several examples of non-trivial
DREs for which it turns out to be easy to provide explicit solutions.
We emphasize that our approach is rather different from that reported in Ref. [8] where the
solutions of some DREs are obtained prescribing specific links between the coefficients appear-
ing in the nonlinear differential equation. In addition we observe that the point of view reported
in this paper may be reversed, meaning that, in principle, the knowledge of the general integral
of a DRE could be exploited to individuate and solve SU(2) quantum dynamical problems.
In conclusion we underline that the results reported in this paper are entirely based on
ideas and method given in Ref. [42], which, besides having been already applied to treat time-
dependent spin Hamiltonian models beyond the relatively simpler s = 1/2 case [46, 48, 49],
has even the merit of offering tools to solve a wide class of special DREs not considered in the
specialized literature so far.
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